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ABSTRACT

In this paper, a new variant of accelerated gradient descent is pro-
posed. The proposed method does not require any information
about the objective function, uses exact line search for the practi-
cal accelerations of convergence, converges according to the well-
known lower bounds for both convex and non-convex objective
functions, possesses primal-dual properties and can be applied in
the non-euclidian set-up. As far as we know this is the first such
method possessing all of the above properties at the same time. We
also present a universal version of the method which is applicable
to non-smooth problems. We demonstrate how in practice one can
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efficiently use the combination of line-search and primal-duality by
considering a convex optimization problem with a simple structure
(for example, linearly constrained).

1. Introduction

The first accelerated gradient methods for smooth convex optimization problems date back
to 1980s [18,19,21,23]. These methods have optimal [21] convergence ratef(xk) —fxy) =
O(1/k*), where k is the iteration counter, f is the objective function and x, is an opti-
mal point. The earlier versions of optimal methods [18,19,21] used small-dimensional
relaxation oracle (sDR-oracle), i.e. auxiliary minimization over some small-dimensional
subspace. Thus, these early methods are optimal under additional assumption of availabil-
ity of the sDR-oracle. This assumption is rarely satisfied in practice, since solving auxiliary
minimization problem on each step can be very costly or can lead to divergence of the
method due to accumulating error in practice. This seems to be the main reason why
mostly the fixed-step accelerated methods [23] have been developing in the last decades
[25,26,28]. This choice of the direction of research by the community is supported by the
fact that availability of sDR-oracle does not improve the worst-case theoretical guarantee
of the optimal gradient-type procedure for smooth convex optimization problems [22].
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There has been a resurging interest in first-order methods using sDR-oracle [7,14,17].
One of the reasons is that, in practice, small-dimensional relaxation allows local adaptation
to the curvature of the objective function, which can dramatically improve the practical
convergence rate, the classical example being conjugate gradient methods. At the same
time, there are problem classes for which the computational overhead of the sDR-oracle
is minimal [17]. This includes popular machine learning problems known as generalized
linear models, including SVM, linear regression, logistic regression, etc., and optimization
problems with linear equality constraints. In the first case, the problem itself is of the form

f(x) = F(ATx) — min, (1)
xeR”

where A € R™™ In the latter case, the dual problem has the same form as (1). Even if the

matrix A is large and dense, and F(y) can be calculated in O(n) arithmetic operations, the

whole small-dimensional relaxation has almost the same complexity as a single calculation

of the gradient of f(Ax). Hence, in this case, the operation complexities of the fixed-step

methods and the methods with small-dimensional relaxation are almost identical.

In this paper, we propose a new accelerated gradient method utilizing a sDR-oracle.
Instead of using pre-defined sequences of parameters of the method, such as step sizes,
we choose these parameters by minimizing the objective in some specially constructed
direction. This makes our method related to conjugate gradient methods. The difference is
that our method has O(1/k?) convergence rate for general convex objectives. Moreover, our
method is adaptive to the smoothness of the objective and does not require the Lipschitz
constant of the gradient to be known, unlike classic accelerated gradient descent method
[24]. The method also converges to a stationary point for non-convex objectives, which
means that it is capable of adapting to the local convexity of the objective. We also estimate
the rate of convergence of the method in terms of the norm of the gradient for convex,
y -weakly-quasi-convex and non-convex objectives.

Further on, we analyse potentially non-smooth functions with Holder-continuous sub-
gradient and propose a generalization of our method for this case. We prove that our
method is universal in the sense of [29], i.e. does not require any a priori knowledge of
the smoothness of the objective and automatically according to the lower bounds for the
class of convex objectives with Holder-continuous subgradient.

Special attention is devoted to the analysis of the primal-dual properties of the proposed
methods for the class of strongly convex linearly constrained problems. In this case the dual
problem has the form (1) and is solved by our method with the ultimate goal to reconstruct
the solution to the primal problem.

Finally, we describe how these methods can be accelerated to have optimal linear con-
vergence under the additional assumption that the objective is strongly convex with known
parameter of strong convexity.

Related work.

It is quite hard to cover all the vast literature on accelerated gradient methods
[3,23,24,26,28]. The versions adaptive to the Lipschitz constant of the gradient may be
found in [3,28]. Usually this type of adaptivity is called ‘line-search * or ‘backtracking’.
Papers [4,9,10] consider the question of primal-duality of these methods in combination
with "backtracking” used for adaptivity to the Lipschitz constant. The authors of [11], by
a special a priori choice of step sizes, construct a single method which works optimally
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for convex and non-convex problems. Universal gradient methods for convex problems
were proposed in [29] and extended in [12] for non-convex problems and in [31] for
primal-dual setting. Finally, there were some attempts to combine universality with small-
dimension relaxation [8,14]. Concerning conjugate gradient methods, we refer the reader
to a good survey [2] and the classical book [30].

The structure of the paper is as follows. In Section 2 we describe the main algorithm and
analyse its convergence. We also show that this method admits a stopping criterion. The
subsections of Section 2 are dedicated to the modifications of the method applicable to y -
weakly-quasi-convex and strongly convex objectives. Then the dependence of the method
on line-search accuracy is discussed briefly. In Section 3 we present the universal version
of the algorithm and establish its convergence for convex and non-convex objectives. Once
again, a subsection is dedicated to strongly convex objectives. Section 4 contains the results
concerning the primal-dual properties of our method. Finally, in Section 5 one can find
the results of numerical experiments.

Notation. Let E = R" be an n-dimensional real vector space and E* be its dual. We
denote the value of a linear function ¢ € E* at x € E by (g, x). Let || - || be some norm on
E, || - ||« be its dual, defined by ||g||l« = max,{(g,x), ||x|| < 1}. Given a vector g € E*, we
denote by (¢)* = arg maxs<1(g, s). We use Vf(x) to denote any subgradient of a function
f atapoint x € domf.

Given a closed convex set Q, we may choose a prox-function d(x), which is continuous,
convex on Q and

(1) admits a continuous in x € Q° selection of subgradients Vd(x), where Q% C Qis the
set of all x where Vd(x) exists;

(2) d(x) is 1-strongly convex on Q with respect to || - ||, i.e. for any x € Qo,y €Qd(y) —
d(x) — (Vd(),y —x) > Ly — x|

Without loss of generality, we assume that minyeq d(x) = 0.

We define also the corresponding Bregman divergence V(x,z) = d(x) — d(z) —
(Vd(2),x — z), x € Q z € Q°. Standard proximal setups, i.e. Euclidean, entropy, £1/£,,
simplex, nuclear norm, spectahedron can be found in [5]. We will only be dealing with
the case Q = R" throughout this paper.

2. Adaptive methods for smooth optimization

We consider the optimization problem
f(x) — min, (2)
x€E

and denote a solution to this problem as x,. Our main assumption in this section is that
the objective f is L-smooth, i.e. is continuously differentiable and has Lipschitz-continuous
gradient

IVf() — V@Il < Llix — ylls,  ¥x,y € E. (3)

Our main algorithm in this section is listed as Algorithm 1.
Here and for all the methods described further we assume that if the equation for ax;
in step 4 admits multiple solutions, then the greater one is chosen.
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Algorithm 1 Accelerated Gradient Method with Small-Dimensional Relaxation
(AGMsDR)
Output: x*

1: Setk =0,A9 = 0,x° = 1%, Yo(x) = V(x,x°)

2: fork > 0do

3:

Bk = argmin f <vk + B — vk)) , yk = vF 4 Be(xk —VF). (4)
Bel0,1]

4. Option a), L is known,

L
#T = argmin {f OF) + (V0P x =) + 5l = yk||2} : 5)
x€E
2
Find ag4 from equation Akciﬁl—li+l = %
Option b),
i = argminf (= AVFOR)7), &7 =5 e (FFOR). (6)
h>0
2
Find ag4 from equationf(yk) Tl IIVf(yk) ||i =f(xk+1).

2(Ag+ag+1)

5: Set Ak+1 = Ak + Ak+1-

6 Set Yrp1 (%) = Yr(®) + a1 {f ) + (VA5 x — yh))
7 VM = argmin,_p Yii (%)

8: k=k+1

9: end for

Before we move to the theoretical results of this section, let us make some remarks. The
main new element of the proposed method is in line 3. Unlike known methods [1,25,26],
which use fixed S = k+L2’ we use minimization over the interval 8 € [0, 1]. The choice
of the fixed stepsize is motivated by the theoretical convergence analysis. Our goal is to
choose best possible stepsize with the same convergence rate guarantees. Most of the results
described further remain the same if the search over the unit interval [0, 1] in line 3 is
changed to line-search over any subset of R containing said interval, for instance, the whole
real line R.

Theoretical analysis of Algorithm 1 is based on the following theorem. We underline
that the convexity of the objective f is not required.

Theorem 2.1: After k steps of Algorithm 1 for problem (2) it holds that

Af () < min Y(x) = P (). (7)

2
Moreover, Ay = Z—L.
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Proof: Denote

k
k@) =Y ain{fO) + (VFOHx = ).

i=0
Then

Vi1 (0 = L) + Yo%) = Yi(x) + ar1 (FOF) + (VAR x — ¥}

First, we prove inequality (7) by induction over k. For k = 0, the inequality holds. Assume

that
Af () < min Y(x) = P (5).
Then
Vi (4
= min { e + aca (05 + (V0. x /)]

1
> min { Y (vF) + Sle— VI + ap (FO5) 4+ (VM) x — yk)}}

1
> min { Aif (xF) + Sl = VU2 4+ a1 FOF) + (VFOF), x —yk>}} :

Here we used that 1 is a strongly convex function with minimum at v*.

By the definition of B and yx in (4), we have f (yk) <f (x5). By the optimality conditions

in (4), either
(1) Br =0, (VF(9), x5 —vk) > 0, = vk,
(2) Bre(0,1)and Vf(yk) X —vk)—O ¥ —V + Br(xk — vy,
(3) Br=1land Vf(yk)x )<0,y = xk.
In all three cases, (Vf (%), v* — %) > 0. Thus,

Vi 0K

. 1
> min !Ak+Lf(}’k) k1 (VF O x =) + e — vk||2}

2
a
> At fOF) — %qu(yk)ui,

where we used that for any g € E*, s € E, { > 0, it holds that (g, s) %||s||2 >

Our next goal is to show that

2
A fOF) — %nw(y")ui > A fGRD,

which proves the induction step.

— 5 llgll3.

(8)
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For option a) in the step 4, using the L-smoothness of f and minimizing the r.h.s. of (5),
we have

f(xk+1) gf(yk) 4 (vf(yk),xk-‘rl _yk) 4 %ka-‘rl _yk”Z
L
= min <f(y") (VO x =) + Sl —yk||2)

ek L o 112
=f0" 2L||Vf()/)||*-

2
Since, for this option, 21 = 1 inequalit (8) holds. For option (b) in the step 4, (8) holds
P Akt I3 q y p P

by the choice of aj; from the equation

2
FOk - ;X—+1||Vf<y">||i = fH), ©)
k+1

It remains to show that this equation has a solution ax4; > 0. By the L-smoothness of f, we
have

K1y _ k ke #
FOH = minf (4~ hvroh))
. k k ke, L kyy# 12
< min (f(y ) = hYFOR), (VFO) + -1V 6R) )
1
=105 = S IVFOOIL (10)

where we used that (VF(4%), (VF(*)*) = |VF)||2 and [ (VF(F))*||> = 1 by definition
of the vector (Vf (yk))#. Since Axy1 = Ak + ax41, we can rewrite Equation (9) as

2
%uvm")ni + ap FEETY — FO5) + AT — F6F) =o.

Since, by (10), f(ka) —f(yk) < 0 (otherwise ||Vf(yk)||* =0 and yi is a solution to
problem (2)),

FOR) = FEE) 4+ JFOR) — FrH))2 = 2A1(F () — FORDIVI P12

Ajt1 = >0
IVFOR) 12
. . . . ﬂi 1 1
Let us estimate the rate of the growth for Ay. If in the step 4 optiona a) is used, *** = +.
8 p 4 op

R AkJEI L
For the option (b), using (9) and (10), we have Z’;—:ll > % Thus, for both options, A:ﬁ;}iﬂ =
a2 . . . 1)2 2
A’}‘:l > % Since A; = a; > %,we prove by induction that oy > % and Ay > (kIL) > f,f—L
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Indeed,
1+ 1+ 4AL 1 1 A 1 A
a > EVIFIAL L 1 A L A
2L 2L 412 L 2L L
1 1 k+1 k+2
> — == 7
2L /L 2J/L 2L
Hence,

2 2
(k+1) +k+2 > (k+2) '

A1 = A+ ogqg 2 il 5L il

Next result is simple and standard for gradient methods, but we provide it for the sake
of completeness of the paper.

Theorem 2.2: Let function f be L-smooth and Algorithm 1 be run for N steps. Then

2L(f (x°) — f(x4))
0,..n, N '

Proof: We have that

1 1
FEHY <FOR) - inw(yk)ni < faky — ﬁnw(y")ui. (11)
Summing this up for k = 0, ..., N, we obtain
0y _ 0y fiy o N kv 12
FOO) —fx) = () — FONTH > o min VA3

Consequently, we may guarantee

2L(f(x") — f(x))
N .

min ||[VFGM)|? <
Jmin VAR <

Before we move to the main results, we define y -weakly-quasi-convex functions, which
are unimodal, but generally non-convex.

Definition 2.1: Function f (x) is y -weakly-quasi-convex with y € (0,1] if forall x € E
Y () —f(x)) < (V). x — x4).

By the same arguments as those used in the proof of first-order characterization of con-
vex functions, a continuously differentiable function f (x) is 1-weakly-quasi-convex if and
only if it is star-convex.

Definition 2.2: Function f(x) is star-convex if for all x € E and all ). € [0, 1]
FOx+ (1= Mxe) < Af () + (1 = A)f (x4).

Hence, convex functions are 1-weakly-quasi-convex. The converse is generally not true.
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Lemma 2.1: Let function f be y-weakly-quasi-convex and Algorithm 1 be run for N steps.
Then

Ar(F R = F)) < (1= PARFED) = f(x0)) + V(o £0).

Proof: According to the definition of y-weak-quasi-convexity

k
() =Y a1 {fON) + (VFO), % — ) <

i=0

k
<Y a1 =) 6N + vf ().

i=0
By (11) and (4) we havef(yi) < f(xi) < f(xo), )
k
() <D aia {1 — y)f () + yf(x).
i=0
From this inequality and Theorem 2.1 we have

Alf (x) < min Y (x) S Yrlee) = I1(%e) 4 Vo x°)

k—1
< ain {1 = Y)f () + yf ()} + V(x, °).
i=0

From here, since Ay = Z;{:—ol ait+1, by rearranging the terms we obtain the statement of the
theorem:

ArF R = F)) < (1= PARFED) = f(x0)) + V(o £0). ]

Theorem 2.3: Let function f be 1-weakly-quasi-convex (i.e. star-convex) and L-smooth and
Algorithm 1 be run for N steps. Then

64L%V (x4, x°)

>

min VML <

k=[N/2]..... N3
4LV (x4, x°)
fE) = fle) < —5— (12)
Proof: Applying Lemma 2.1 with y = 1, we get
V(% xO)

FON) = fx) < .
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Using the lower bound on Ay established in Theorem 2.1 we obtain that for a convex (or
1-weakly-quasi-convex) objective

ALV (%, x%)

FE) = fee) < —5

Summing up (11) for k = [N/2],..., N, we obtain

FEN2Y ) > FN) - FNHY

N Ky 12 Ky 12
> Z IIVf(y)I|2>[N/2] min IIVf(y)Ilz‘

=
N2l k=[N/2],....N 2L

Finally, we have

AL 6412V (x,, x°)
i k 2 N/2 *
_min CIVOOIE < G U - fro) < ——5— n

Remark 2.1: Recently in [16] a special variant of accelerated gradient descent that converges
at the rate

0y _
1Vf )13 = 0 (—L(f(x L) ) (13)

was proposed.

This result seems to be weaker than (12), but actually from (13) one can obtain a much
stronger result. Indeed, one can perform N iterations of common fast gradient descent and
obtain

2
FON) — fx) = o(%)

Then one can put x° := x~ and perform N iterations of the method from [16]. Totally, we
obtain

L*R?
IVFM)I3 =0 (F)

This bound and bound (13) are unimprovable, see [20,27].
Remark 2.2: Note that our method does not require the knowledge about the convexity of

the objective function and automatically works either with rate given by Theorem 2.2 or by
Theorem 2.3.

2.1. Online stopping criterion

If the objective is smooth and convex, this method admits an efficient stopping criterion.



10 Y. NESTEROV ET AL.

By rewriting the statement of Theorem 2.1 we see that
PR DA NI b OIS i i i
fO) < v = L min [Enx a4 Yan 00+ <Vf<y),x—y>}} .
As it was before,
k-1 ‘ ‘ -, '
Fe = Y e (o) + vf0hx =) + Six = Y13}

Denote R = ||x° — x,||, and

A 1
k= min —F ().
x: [lx—xo| <R Ak

2
The constraint may be rewritten equivalently as % [lx — x> < RT. By strong duality we see
that

. 1o 1 , R
f“=minmax{—I"""(x) + A | =llxo — x| — —
A 2

x€E 120 2
1 1 R?
= in{ — k1 Al = —x)>P=-=)!.
magmin {71+ 4 (S0 =2 =
Now we set A = Aik and obtain
n 1 R?
k k
> — (V) — —.
f /Akllfk( ) AL
Then
k Tk 2
X)) — < —.
f&) —f S 24

But by convexity of f (x) we have that Vk Alklk_1 (x) < f(x), which implies thatfk < f(x).
Finally, we have
2

FGR) = fle) <fOR) —FF < 2R—Ak

so the condition f (x¥) — f k < g isan efficient stopping criterion for the AGMsDR method.

2.2. y-weakly-quasi-convex objectives

Next we describe a method for more general class of y -weakly-quasi-convex functions.
Algorithm 2 is obtained from Algorithm 1 by applying a restart technique.

Denote by X' the sequence of all iterates xi generated by the above method
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Algorithm 2 Accelerated Gradient Method with Small-Dimensional Relaxation
(AGMsDR)

Output: xf
1: fori > 0do

2:

Sethk=0,A9 = 0,x? =9, Yl (x) = V(x,2?)

3:  fork > 0do
4.
B = angminf (4 + GE— ), k= vk + =)
B<[0,1]
5: Option (a), L is known,
k1 . k k Ko, L k2
xj - =argmin { f () + (V). x —y;) + E”x —yill“¢-
x€E
. . “iﬂ 1
Find ay from equation Ttacs = L'
Option (b),
i = argminf (v} = hVFGR)T), 2 = ok = i (V)
h>0
2

Find a4, from equation f(y%) — #ﬁm IVFOR2 = Fkh.
6: Set Axr1 = Ak + ag41-
7 Set Y1 (%) = Yr(x) + a1 (FOH) + (V. x — yh)).
8: k“ = argmin, g ¥i41(x)
9: 1ff(xk) —flx) < (1 —=7y/2) (f(xo) —f(x*)) then
10: break
11: end if
12: k=k +1
13:  end for
14 Setx? ;=
15: i=i+1
16: end for

(14)

(15)

(16)

Theorem 2.4: Iff(x) is y -weakly-quasi-convex and L-smooth function, then

LR?
fGEN) —fx) =0 (W) ,

where R = max,. F<f(xo) llx]|.

Proof: Denote gy = f (xg — f«). From Lemma 2.1 and Theorem 2.1 we have that

2
2LR}

F&ky = fx) < (1= p)eo + =
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where Ry = ||x9 — x«||» We need to ensure
fl) — fx) < (1= y/2)z0.

That means that the method is first restarted no later than after Ny = {2‘ / %—‘ iterations.

Denote Ry = ||x(1) — X«||2. Again we apply Lemma 2.1 and Theorem 2.1, we have
k LR :
JG) —fxe) < A= y)A—y/2)e + 2 S U—y/2%

2

which implies that the second restart happens no later than after Ny = |72, / ﬁ—‘
L LR?

By proceeding in the same way we show that no more than N; = |72,/m-‘

iterations happen between the ith and the i + 1th restarts.
Let d =log,_,, , ;—0 Then an e-solution is obtained in no more than N = Z?:o N;

iterations. We also know that the sequence f(x?) is non-increasing, so
Vi Rj < 2R = 2maXy. f(x)<f(x,) I XIl. It follows from our restart rule that & < (1 —

¥/2)4"1. Then we have the following sequence of relations:

d 2 d
LR? 4LR? d—i-1
N<Y 2 —=%  l<a+1+Y 2 (1—y/2)5" <
h ;‘ y(L—y/Dleo | ;' ve h
LRz & d=i-1 LR? -1
S+l oo Yo a-y T =dt1+44 F(y/Z—l—l—«/l—y/Z) =
i=—00

2 _
=d+1+4 /%(1—;//2)1/2(1—,/1—;//2) lg

Lar 1+ =72 LR?
<d+1+4 + vz _ o
)/8

y/2 y3e

Note, that using the Sequential Subspace Optimization Method [17] , Guminov and
Gasnikov [13] show that the last bound in Theorem 2.4 can be improved under small y to

2
fGN) —fx) =0 (yﬂfw) :

However, this requires solving a three-dimensional non-convex problem on each itera-
tion. The method in this paper, on the other hand, only requires solving one minimization
problem over an interval. If R is known, the stopping criterion may be used to restart the
method.
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2.3. Strongly convex objectives

Assume now that the objective function in problem (2) is j-strongly convex with respect
to the Euclidean norm:

Vay fO) =00+ (VF(x),y —x) + %uy — x|I2.

Next we describe two different ways to modify or method in order to deal with strongly
convex objective functions.
The first way is to consider a slightly different estimating sequence:

Y1 () = Y + a1 {(FOF) + (VAR x — yF) + %nx —y*1%).

This leads us to the following method.

Algorithm 3 Accelerated Gradient Method with Small-Dimensional Relaxation
(AGMsDR)
Output: x*

1: Setk=0,A9 = 0,x" =, Yo(x) = Jlx — xl3, 10 =1

2: fork > 0do

3:

Br = argmin f (vk + ,B(xk - vk)> , yk =+ ,Bk(xk - vk). (17)
B<l01]

4 Option (a), L is known,

. L
Xl = argmin {f(yk) + (Vf(yk),x —yk) + E||x —yk||2} . (18)
xeE
Find £ : “iﬂ _1
ind ag, from equation S o — = 7.
Option (b),
hisr = argminf (% = HVFGR)*), & = F i (VFORDS. (19)
h>0
2
Find  ar., from  equation  f(y¥) — 2(tk+uakj—ﬁ§(1Ak+uk+1) IVFOR) I3 +
KTk k41 ||Vk _yk”Z =f(Xk+1).

2(tkt+pag+1) (Ag+ags1)

5. SetApy1 = Ak + kt1> Thp1 = Tk + Uaky-

6 Set Y1 (x) = Yr(x) + arr1 (fOF) + (VO x = y5) + Sllx = y41%).
7. M = argming g Vg (%)

8: k=k+1

9: end for

Theorem 2.5: After k steps of Algorithm 3 for problem (2) it holds that
Af () < min () = Y (). (20)
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Moreover,

k2 1 m —(k—-1)
> — 1= /= .
Ak/maX{ALL’L(l \/Z) }
Proof: Denote
h@) = ) aim () + (V0,0 = y) + Zllx = 1%}

i=0

Then
Vi1 (0 = (@) 4+ Yo(x) = Vi) + a1 (FOF) + (VAR x — yF) + %ux — 1%

Note that 1y is a sum of a 1-strongly convex function vy and pta;-strongly convex functions
fori=1,...,k, which means that v is tx-strongly convex, where 7y = 1+ p ZLI a; =
1+ uAg.

First, we prove inequality (20) by induction over k. For k = 0, the inequality holds.
Assume that

Af () < min Y(x) = ().
Then
1ﬁk+1(1’k+1)

= min { i) + @ (05 + (V05 x =4 + S lx =412
2 min {Wk(vk) + %le P+ a 0P + (VFOR)x — ) + %”x _kaz}}
2 1;1611{:1 {Akf(xk) + %”X — vk”2 + ak-H{f(}’k) + (Vf(yk),x _yk> + %”x _yk”Z}} ‘

Here we used that v is a -strongly convex function with minimum at vX.
By the definition of By and yx in (17), we have f (yk) < f(xk). By the optimality
conditions in (17), either

(1) Bk =0, (VFOF),xk —vk) > 0,k = vk
(2) Br € (0,1) and (V(F), xF — %) = 0, y% = vk + Br(xF — vb);
(3) B =1land (Vf(y"),x* — %) <0,)F =~

In all three cases, (Vf(yk), vk — yk) > 0. Thus,

Y1 KT
S mi ky . Tk k2 k Y Y LT T
Z min A () + llx = viIT + a5 + (VD). x =57 + Zllx =717y

The explicit solution to this quadratic minimization problem is

1
x = — (V" + pagp1y* — ap VAON).
Tk+1
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By plugging in the solution and using (V£ (%), v* — y*) > 0, we obtain

HTkAk+1 |\ &
—— v

2741

Vi1 KT > A fOF) — "“ IIVf(y I3+ —y

Our next goal is to show that

MTeak+1 | k
+——Iv

— V17 = A fETH, 2D
27441

A fOF) — k“ IIVf(yk)Ilz

which proves the induction step.
For option (a) in the step 4, (11) takes the form

1
FE*Y < FOF) - ian(yk)uz. (22)

“iﬂ
> (Tk+makt1) (Ax+agt1)
step 4, (21) holds by the choice of ax41 from the equation

Since, for this option = %, inequality (21) holds. For option (b) in the

2

Fo5) - kf—“nvmk)uz + LR

IV — Y5112 = fakH. (23)
+1

It remains to show that this equation has a solution a4, > 0. Since Ax1 = Ak + dg+1 and
Tk+1 = Tk + Mak41, We can rewrite the equation (23) as

Qudk + IVFINDal, | + @8kt + 1AW — utelv* — Y13 are: + 2tArd = 0,

where §; :f(xk+1) —f(yk) < 0. By strong convexity,f(yk) — f(xy) < ﬁHVf(yk)H%, we
have

208k + VA3 = 20(f FY) — f(x)) = 0

Therefore, a non-negative solution exists and may be written down as

=Sk + \/Si — 8ARSk T 28k + IV (y) 112
48k + 2V o) 117

ak+l = >
2
where S = 28¢(tic + ptAR) — prkllvE — y¥|| 2
Fet1
> Thr1Ak+1

Let us estimate the rate of the growth for Ag. If in the step 4 option (a) is used
%. For the option (b), using (23) and (22), we have

2

MTEAk41 1
FOF) — —IVFOOIB + 5 IV =P < FOR = SN0
Af1T 2Ak4+1Tk+1 2L
Thus, for both options, #Xi“ > 1, 0r

1 5 w
a = ﬁ\/Ai‘i‘MAi P ,/ZAi
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Using the left inequality, we obtain

VA — A > AdizAm o @ 1\/1+MA1'.

>
VA + VA T 2JA; T 2JL

This in turn implies a weaker inequality

1
\/E'—\/Ai—l = m

Summingitup fori=1,..., k we get

We also have

[
Ak+1 = Ak + Ak+1 Z Ak + ZAkH’

which leads to

L

To use this bound we only need to estimate A;, which we can do as follows:

-1
w
Afyr 2 (1 - —) Ag.

2 2 2
4.4 a1

= >
A1 T (4 pADAT wA T L

A =

By recursively applying the last bound we reach the desired result:

2 o\ D
A > LA o
"/max{u L( L) }

(24)

Theorem 2.6: Let function f be pi-strongly convex and L-smooth and Algorithm 1 be run for

N steps. Then

2 —(k—1)
fx) —fxe) < min{%(l —ﬁ) LRZ},

where R = ||xg — x4||

Proof: According to the definition of -strong convexity

k k
(x) =Y ain{fO) + (VO x — ) + %ux* Y13 <D aif () = Agpaf (x).

i=0 i=0

From this inequality and Theorem 2.5 we have

. 1 2 1 2
Arf () < min Y < YrCed) = 1 () + %0 =%l < Alf (x) + 5 1o = xill2.
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Finally, denoting R = ||xp — x«||, we have

2 (k—1)
fl) —fxe) < min{%,(l —@) LRZ}. [

Another way to apply the algorithm to strongly convex objective is to use a restart
procedure.

Algorithm 4 Accelerated Gradient Method with Small-Dimensional Relaxation
(AGMsDR)
Output: xff

1: fori > 0do

2 Setk=0,40=0,x) =), Y{(x) = llx — x0l13

32 fork>0do

4.
Bk = argmin f (vf‘ + ﬁ(xf-‘ - vf)) , yf-‘ = vf-“ + ,Bk(xf-c - vf-‘). (25)
Bel0,1]
5: Option (a), L is known,
. L
Xt = argmin {f(yf) + (VO =y + Sl - yé‘nz} . (6)
Xe
Find ay.; from equation e _ 1
k+1 ! Aptagr LT
Option (b),
i1 = srgmin f (yf‘ — h(Vf(yf‘))#) T = = e (VD). @27)
>0
2
Find ag1 from equation () — 30— I Vf (/)12 = f(4 ).
6: Set Axy1 = Ak + ak41-
7: S;:t Va1 (%) = Vi) + a1 (F D) + (VD x — y5).
8: viH = argmin, g Yr41(x)
9 if lf — x. )12 < 1Ix? — x,[|3 then
10: break
11: end if
12: k=k+1

13:  end for
0 _
14: Setx;,, = XN
15: i=i+1
16: end for

Of course, we have no direct way to check the inequality in step 9 of the algorithm. How-
2
ever, using strong convexity, we have that %lek — x ]2 <F(F) — fxe) < ;ka. Provided
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W is known, it is sufficient to check whether the r.h.s. is smaller than %Rz, which would
: 1
imply [l — x5 < 3lx) — xl13.

Theorem 2.7: If f(x) is a p-strongly convex and L-smooth function, then
12 = x5 = 0@ VIR,
FGEN) = f(x) = 0@ VIN/LLR?),
where R = ||xo — x*||.
Proof: From the very definition of strong convexity we have
Pk — w12 < £y —
2 ||xi x*”z \f(x,‘) f(x*)

From Theorem 2.3 we have that

0 2
2L||x,' - x*”z

fOF = fx) < =

To ensure ||xf~‘ — X II% < %le? — X II% we then need to satisfy the following inequality:

0 2
4L||x; — x4 |3

wk? <

1
Sl = il
That means that no more than N; = L/ 8L/ /[| iterations happen between the ith and the
i+ 1th restarts.

Hence,

12N — x, |3 = 0@~ VHN/LRY),
FGE) = f(x) = 0@~ VHNULLRY), |

2.4. Implementation details: line-search accuracy

In our methods the line search step is used to perform linear coupling and steepest descent.
It will now be shown that in both cases performing the line search exactly is not critical for
the methods’ convergence.

o Steepest descent. In algorithms APDLSGD, UAPDLSGD and SCUAPDLSGD steepest
descent is used to construct x**1. However, the convergence analysis of all the above
methods only relies on f(x**1) being no greater than f(y* — %Vf (), where I = L for
the APDLSGD methodand! = M (Z’;:ll &, v, M,) for the universal methods. This means
that the accuracy of line search has no effect on the worst-case convergence bounds,
as long as it is good enough to ensure that the result is no worse than one obtained
by performing a gradient descent step. Since for most objectives using exact steepest

descent should result in iterates different from ones obtained by gradient descent, it is
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reasonable to expect that performing steepest descent with some small error will still
lead to iterates with low enough objective values.
e Linear coupling. The fact that the step

Br = argmin f (vk + ﬂ(xk — vk)> ; yk =+ ,Bk(xk — vk)
Bel(0,1]

guarantees f o9 < f (x*) and (Vf (%), v* — y¥) > 0isused in the convergence analysis.
Again, it is reasonable to expect the first inequality to hold true in the case of inexact
line search. We will now show that allowing for some error in the second inequality does
not lead to accumulating errors.

Lemma 2.2: For the not necessarily convex problem (2) and the APDGD method with step
3 performed in a way that guarantees f (y*) < f(x*) and (VF(y*), vk — y%) > -,

At [T < min Y () + A = Y K1) + AggE

k2
Ar=0(—].
=o(%)
Proof: Theorem can be prove by induction. Let’s consider the step of induction. That is,

assume that we've already proved that

Arf () < min (o) + A = Yr(F) + Ak

and

Then
Ve K1) = min {400 + ai (105 + (9055 - 1))

1
= min { Y () + Sl = VI3 + a1 (FO5) + (VR x — yk>}}

x€E

1
> min { Apf(<F) + Sle— IZ + ar (FO5) + (VAR x — yR)) — Aké} :

x€E

Due to the line 3 f (yk) <f (x*) and (Vf (yk), vk — yk) > —&. From this two inequalities
and the fact that Ay, = Ay + a1 one can obtain

1 ~
Vi (K1) > min {Ak+1f()/k) a1 (VIOF), 0 = V) o+ Sl =3 - AkHs}

2
a
= A fOF) — % IVFOR)I3 = Agpi.

So let’s choose aj.; in such a way that guarantee

2
a
k
A fOH) = —ZIVFOOIE = A f . (28)
This is quadratic equation on ay;. One can solve it explicitly. For the method APDGD
2
(see line 4) this equation means that Z’;—i > %, which, combined with Agy1 = Ag + a1,

means that g, = O(%), A = O(kfz). [ |
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Of course, the same result applies to all the other version of the method presented
further. This lemma leads to an additive term € in the convergence bounds.

3. Universal methods

We consider the optimization problem (2). By considering the class of objectives with
Holder continuous (sub)gradients we may generalize the above methods to non-smooth
problems.

In this section we assume that the objective function has Holder continuous
(sub)gradients: for all x,y € E and some v € [0, 1]

IVF) = Vi@l < Myllx = yll”. (29)

Here if v = 0 Vf(x) denotes some subgradient of f(x).
Again, we will be using the sequence of estimating functions defined as

Yo(x) = V(x,x").

k
k(@) =Y aia{fO) + (VFOH,x — y)),

i=0
Vi1 (0 = L(®) + Yo%) = () + a1 FOF) + (VAR x — ),
Ak+1 = Ax + agr1, Ao =0.

In the analysis of the above method we will be using a particular choice of the subgra-
dient in step 4. However, it seems that in practice this is not important for the method’s
convergence. All the results mentioned below remain correct if the line search domain
[0,1] in line 3 is changed to any larger subset of R. Note that unlike other universal meth-
ods, [14,29] this method does not require estimating the step length in an inner cycle. This
results in a slightly better complexity bound due to better step-lengths and lower iteration
complexity.

The following lemma (the proof of which may be found in [29]) plays a major role in
the convergence analysis of this method.

Lemma 3.1: Let function f(x) have Holder continuous (sub)gradients for some v € [0, 1]
and M, < 4oc. Then for any § > 0 we have

M I}
fO) <FE) +(Vf )y —2) + Ny = x||* + >

where

1-v

1—v M, T+
1+v 4§

Ve

M=M(6,v,M,) = [

If the subgradient is not Holder continuous for some exponent v it is convenient to consider
the corresponding M, to be equal to +00.
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Algorithm 5 Universal Accelerated Gradient Method with Small-Dimensional Relaxation

(UAGMSsDR)

Input: Accuracy ¢

Output: x*
1: Setk=0,A9 = 0,x° =1, Yo (x) = V(x,x%)
2. fork > 0do

(30)

(31)

3:
Bk = argmin f <vk + ,B(xk — vk)) , yk =+ ,Bk(xk - vk).

Bel0,1]

4:
e = argminf (% = hOVF A7), &7 =54 = i1 (V05"
h>0
2
Find ax from equation f(y*) — ﬁ%llVf(yk)lli + #X};l) = f(x}D).

5 SetApy, = Ak + k4.
6 Set Yy (¥) = Yr(x) + arr {FOF) + (VM. x — )
7. Wkl = argmin,,_p Yi41(x)
8: k=k+1
9: end for

Theorem 3.1: For the algorithm UAGMsDR and possibly non-convex (2), where f(x) has

Holder continuous (sub)gradients,

A < min g + 58 = ok + 7

and

1—v 143v  1-v

14+v]H kT gl
A = sup
vel0,1] l1—v

2
1+3v —
2T+ 1}+U

Proof: Denote

k
k() =Y ain{fO) + (VFOD, x = y)).

i=0

Then

Y1 () = LX) 4+ Yo () = () + ar1 FOF) + (VA5 x — y9)).

(32)

First, we prove inequality (32) by induction over k. For k = 0, the inequality holds. Assume

that

A < min i) + 75 = gk +
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Then

Ve K = min {400 + a (105 + (9055 = )]

1
> min { Y (F) + Sl = VI + ap (FO5) + (VM) x — yk>}}

> min | A () — 25 4 —|| —VFI2 + ak (FO5) + (VFOP), x —y">}} :

Here we used that  is a strongly convex function with minimum at v*.
By the definition of Sk and yi in (30), we have f (yk) <f (x5). By the optimality
conditions in (30), there exists such a subgradient Vf (yk) that either

(1) B =0, (VFOK), x5 — k) >0,k = ok
(2) Bre(0,1)and <Vf(yk),xk — Vk> =0, )’k — K + ﬂk(xk _ Vk);
(3) Bk =land (Vf(y"),x* — k) <0, yF =+~

In all three cases, (Vf (yk) Ve—y ky > 0. Thus,

. Age 1
Vi1 (1) > min {Akﬂﬂyk) - @ (VO x = V) + - v"uz}

Age ai 1
> Aeif OF) — - - Tﬂwf(y")ni,

where we used that for any ¢ € E*, s € E, ¢ > 0, it holds that (g, s) |s||2 %Hg”i.
The equation
2
a agi1€
Apnf OF) = ZHIVIOIIE > Apnf ) = =75, (33)
holds by the choice of ai; from the equation
fO5 - "“ IVFOOIE 4 AP —f( A, (34)

A

It remains to show that this equation has a solution ay; > 0. Applying Lemma 3.1 with

a
§ = A":‘ , we have

k o k k
SR = minf (4~ hVf64))

< min (f(y") — h(VFOR), (VR + ||<Vf<yk>> & + 3 e 1) (35)
+
N k
=f0") IIVf(y)II +2A ” (36)
where M = [LE AL’;]:A;I” ] 77 M,, and we used that (VFOF), (VGNP = V9|2 and

| (Vf()/k))#H2 = 1 by definition of the vector (Vf(yk))#. Since Ag41 = Ak + ak41, We can
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rewrite Equation (34) as

2
BRI + i (FOE) — F0R) — £) + Ak — M) =0,

Since, by (35),f(xk+1) f(yk) < M (otherwise ||Vf(yk)||>k = 0 and yy is a solution to
problem (2)), at least one solution ex1sts, and the greater one is
—(FOMN —fOM) —/2)
+ G — FOF) — £/2)2 — 240(F (R4 — FGO) IVF G 2
IV Ollz '
Let us estimate the rate of the growth for Ax. Using (34) and (35), we have

1—v 1—v
%, L [lbv e 15 fa ]
Ay T My |[1—vM, Ay ’

ak4+1 =

or
1+3v 1=y
llkl+v >L|:1+vi:|l+v
= .
AH“ M, |1—vM,
Denote y = llj;v > % We have
-y y a1=y
(Ak-i-l + A, )(Ak-H AY ) = Ak+1 — Ak +Ak+1A —A Ak+1
_ 2y—1 2y—1
= Aps1 — Ap + (A Ap' Y (A2 71— a2

2 A1 — Ak

Since Ag41 = Ak + ag+1»

1—v
Apy1 — A a 1 14+v [
AY A > k+1 k > k+1 > c ' (37)
k+1 k A Al y 2Al % 2 [1—-y
k+1 + k+1 2M)T
Now we take a telescopic sum for k =0,...,N — 1 and get
m Ly N11+3 1
v +U +v & v
AN —Ag=AN 2 [ ] . (38)
1—v 1+3v I-TV
21+ M,

To get the statement of the theorem it remains to notice that the algorithm is independent
of the level of smoothness v. Hence, if the objective has Holder continuous gradient for
multiple v € [0, 1], then A will grow according to the greatest lower bound. Thus, we
have

1+3v  1—v
1+v 1+u kTH gl+v

Ap > sup 1—v 1430 2
ve[0,1] 2 Try le+v
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The convergence rate of the above algorithm is given by the following theorem.

Theorem 3.2: If f(x) is convex (or 1-weakly-quasi-convex) and has Hoélder continuous
(sub)gradients, method
UAGMsDR generates xy such that

Flo) — flx) < Aikwx*,x‘)) v

An g-accurate iterate xt is obtained in the number of iterations

1—v 2

) 240 [ 1 — v |18 [ M, |TH3v 140

N § inf 21+3v - @H—Sv’
velo,1] 14+v e

where V (xy, x°) < ©

Proof: According to the definition of 1-weak-quasi-convexity

k
le(xy) = Zai+l{f()’i) + (VO xe — )}

i=0

k
< Z Ait1f () = Ag1f (x).

i=0

By (31) and (30) we havef(yi) gf(xi) gf(yi_l) < - <f(x0), SO

k
k(x) < Y a1 — Y)f () + yf ().

i=0

From this inequality and Theorem 3.1 we have
. Age Age
Apf (xi) < min Y (%) + —— < Ye(xe) + ——
x€E 2 2
Age Age
= 1 (6) + Vi) + = < A + Vi 2®) + -
From here by rearranging the terms we obtain the first part of the statement of the theorem:
1 0. £
) = fle) < —V0xox) + 5.
Ag 2
To get the seconds part we need to find N such that the following bound holds:
1 v 0 4 £ o
— V(% x —<e.
At * 2
We have that Vv € [0, 1] (with possibly infinite M)

14+3v 1-v

1-v
14+ \)]1+u N T gTHv

>
1+3v

1—vp 2
2T MY

AT2|:
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so it is sufficient to guarantee

1-v 143y 1-v

[1 + v:|1+v NTH g 2V(x*,x0)

/
1+3v &

M1+\J

1—v

so after

1—v 2
2ta [ 1 — v [TF3 [ M, [TH3v 14
N > 21+ — © 1+3v
&

iterations accuracy ¢ is guaranteed. It remains to see that infimum over v may be taken in

this upper bound, since the method does not have v as a parameter.

This method also converges to a stationary point for non-convex objectives.

Theorem 3.3: Let function f be L-smooth and algorithm UAGMSsDR be run for N steps. Then

: eon 2L — f(x)
(L min IV < N +L

Proof: We have that

FGHH) < F0R) = STIVFOPIE + 3555 < ) = SIVFOMIE +

A

Summing this up for k = 0, ..., N, we obtain

N
f(xO) _f(x*) >f(x0) f(xN'H _L :IginN ”Vf(yk)uf< _ Z Ak+1 f

o k12

N v 12
> TR IVFOOI: — —

Consequently, we may guarantee

. ko2 o 2L — f(x)
pmin IVFOIz < N +L

3.1. Online stopping criterion

This method also has an efficient stopping criterion, provided the objective is convex.

By rewriting the statement of Theorem 3.2 we see that

X & 1 Ky _ &
f(x)<5+A—k¢fk(V)—2

k—1
+ — mln |:—||x - x||2 + Zﬂi+1 {f()”) + (V). x _)’l)}:|

Ak x i—0

2A+'

(39)
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As it was before,
k-1 ‘ ' o '
Fw = Y (0D + (VF0hx =) + Sl =13}
=

Denote R = ||x° — x, |2 and

x: |lx—x0||<R Ak

2
The constraint may be rewritten equivalently as % llx — x| < RT. By strong duality we see
that

. 1 1 R?
fk = min max {A—lk 1(x) + A <—||X0 — x|| - 7)}

x€E 120 k
I+ (Sl — P &
=maxmin o bo@ L I
Now we set A = Aik and obtain
RZ
f 1ﬁk(V ) — Z_Ak
Then
R2 e
o) —fF < — 5

But by convexity of f (x) we have that Vk lk 1(x) < f(x), which implies that f’ k< (x4).
Finally, we have
2

~ R
FOF) = Fle) <fd) = fF <

— +
2A;

2
2 >
so the condition f(x*) — fk < § implies f (xF) — f(x4) < & and is an efficient stopping
criterion for the UAGMsDR method.

3.2. Non-smooth strongly convex objectives

It remains to combine the two ideas used previously into a method for the case of non-
smooth strongly convex objective. However, while there exist functions which are globally
both L-smooth and w-strongly convex, this is not the case for objectives with Holder
continuous gradients. Indeed, no function satisfies

M,
flo) + (f(x),y —x) + %Ily —x[5 <fO) <fO) + (f(x),y —x) + —IIy —xl;™

for all x,y € E. However, we have already established that our method converges
monotonously. Since strongly convex functions have bounded sublevel sets, we only need
this pair of inequalities to hold true for Vx,y € Lg(f %) = {xf(x) < f @}
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Algorithm 6 Universal Accelerated Gradient Method with Small-Dimensional Relaxation
(UAGMsDR)
Input: Accuracy ¢
Output: x*
1: Setk = 0,A9 = 0,x° =%, Yo(x) = Jllxo — x«l3
2. fork > 0do

3:
Br = argmin f (vk + ,B(xk — vk)> , yk =+ ,Bk(xk - vk). (40)
Be[0,1]
4:
i = argminf (= AVFOR)7), #7 = o e (FFOR). (1)
h>0
. . a
Find Ahe+1 from equatlonf(yk) - Z(Akitllkﬂ) ||Vf(yk)||§ + 2(Tk+ll«fitl:($k(t\lk+“k+1) ”Vk -
€a
Y0+ st =@
5: Set Ag11 = Ak + ak41.
6 Set i1 (x) = Yk + a1 (fOF) + (VAN x — y5) + Sllx — y415).
7 VM = argmin__p Yip (%)
8: k=k +1
9: end for

Theorem 3.4: For the algorithm UAGMSsDR and p-strongly convex f(x) with Holder
continuous (sub)gradients,

. Axe Age
Arf () < min Yr(x) + —— = YV + —— (42)
x€E 2 2
and
1-v 1+3v 1—v 1-v
1+v]|™+ kTHh eTH 1 14+v ¢ |
Aj = max T T —
1—v 21113‘}”MF M,|1—vM,
T R e
— =ty Vv €& v 1+v
x (1= M, ¥ I A T . (43)
1—v M,

Furthermore, an g-accurate iterate xt is obtained in the number of iterations

,v 2
1 — v [M, 155 sa i
N < inf min{2 — RT3, ————
ve(0,1] I1+v £ eTH 1
N o)
1—v]|™ M;,™R
x In [ ] -~ , (44)
1+v eTHy
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where ||x° — x| <R

Proof: Same as before, denote

k
kGO = Y aitlfO) + (VFODx = ) + Sl = IR,

i=0

First, we prove inequality (42) by induction over k. For k = 0, the inequality holds. Assume
that

Af () < min Y(x) + A— = (V) + 2 Aks

Then
: 1z
Yien (K1) = min [Y00 + @ (F05) + (V05 x =4 + Sl = 17
. T
> min {ih) + Sk = 42 + agn
Xx€E 2

(0P + (Vf0Rx = ) + Sl =412

Are T
Z min {Akf(xk) A Ak+1
x€E 2 2

(05 + (VF6Pnx =y + Sl =1

Here we used that vy is a 7¢-strongly convex function with minimum at v*.
By the definition of B and yi in (17), we have f(y*) < f(x¥). By the optimality
conditions in (17), there exists such a subgradient V£ (y¥) that either

(1) Bk =0, (V) xk —vF) > 0,)F =K
(2) B € (0,1) and (VF(y*), x* —vk)—Oy —v + Br(xk — b
(3) Br = land (VF(55),xk — ) <0, y* = xF.

In all three cases, (Vf(yk), vk —yk) > 0. Thus,
Vi1 (1) > min {Akf()/k) L —|| — |2

+ @k 109 + (V01 =) + Tl =P

The explicit solution to this quadratic minimization problem is

1
x = ——(uV* + pags 1y — ap VFGR).
Tk+1

By plugging in the solution and using (Vf(y%), v* — y*) > 0, we obtain

&

A
Vi (KT > A fOF) — Tk _ k+1 ||Vf( 512 + UTkak+1 I

2T)41

-
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Our next goal is to show that

MTkak+1
274

Ak 1€

IV = P = A fh = =,
(45)

which proves the induction step. But this is guaranteed by the choice of gy in the step 4

of the method as the solution of the equation

b Ake iy k
AenfO) = — = K*Huvm I3+

2

a

k k+1 Kk p2 MTkBk+1 | &k k2 k+1 ap418

JOO) = —IVIOOIa+ IV =y I =f(x") — ——.  (46)
2Ak+1Tk1 2 24k 1Tkt 2Ak+

It remains to show that this equation has a solution axy; > 0. Again, this is a quadratic

equation with the greatest solution given by

~Ske +/SE, — BARBKTL(8kek + IS (1)
18en + 21V (13

ak+1 = ’
where 8y, :f(xk+1) _f()’k); Oke = Ok — %, Ske = 20k Thk — 21 AKSK + P”:k”Vk _yk”2

Note that if the objective is p-strongly convex, it is true that Vx € E f(x) — f(xy) <
251V ()17, Hence,

2eit + VLGP > —§ AR — ().

This means that a4, may only be negative or undefined if f (xk 1y — f(xs) < 5, which
means that f(x+1) is already an £-accurate solution to the problem.

Let us estimate the rate of the growth for Ax. By the same argument as the one used in
the proof of Theorem 3.1 we have

1-v

1—v
ai S 1 [1+v e | |ag |+
At T My [ 1—v M, A '

Using that we obtain

a't 1 [1+v e w 1 [1+v e w
- [ ] <1+uAk>>—[ ] Ak

Am/J\Tu 1—vM, M, [1—vM,
k
: _ 14v
or, if we denote y = Ty

1—v
1 |[14+v ¢ |
ap =2 — | ——— Y Ag.

To get the left term in the stated lower bound on Ay we write

AL AL

1

A — Ai_ aj 1 [14v (0
T P [ + s] 1+ pA)”.  (47)
AT ALY 2477 pyEw L1

1 1—
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From this we obtain a weaker inequality

1—-v

1 14+v |1+
Al —A] > [+} .

2 £
oM L1V

Now we telescope it fori = 0,. ..,k and get

1-v 1+3v  1—v
1+V 1+v kl-}—ivgl-#u

Ak—Ao=Ak>[1 ]
—V

v 2
2 = My
To get the right term we observe that

1-v
1 [14v e [ v
Ak+1 = Ak + a1 2 Ax + — w” Ak,

M, |1—-vM,
which leads to

1—v -1
1 |[1+4+v g |1+
A >|l11-—| —— 14 Ay.
To use this bound we only need to estimate A;, which we can do as follows

2

1—v
PP S S > e
AT (A4+pADA 1A T M, | 1—-vM,

By recursively applying the last bound we reach the desired result:

11+ T 1 [1+ o\
Vv & +v VvV & +3v

A > — £ 1— ! .
M,|1—-vM, MY

1—v E
By combining both bounds we get the statement of the theorem:

1—v
14+v e [+
1—-vM,

1+v 1 11+;3V ~(=D
1— M;m ii M11r3vv
1—v M,

It has already been established in Theorem 2.6 that

1-v 1+3v  1-v
1+v]H+ kT gy 1
Ay 2 max [1 ] [
—V

2 b
430 = M
2T M v

, 1 1
min Ye(x) < Y = kot () + Sl — %3 < ArF(r) + 2 llxo — x5
In conjuction with (42) this gives us

2

N R €
f(x )_f(x*)gﬁ+5.

(48)
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The first term in (44) has already been established previously. It remains to analyse rate of
convergence if the maximum in (43) is achieved on the second ter,. We need to satisfy

R? £

2AT+2

X €

—v —v\ N+1

1—-vM 1w -y [14v g =

M, R? = 1—M, & ptw — < e
14+v ¢ 1—v M,

Taking the natural logarithm of both sides, we obtain

1—v 2 1-v

— v v [14+v g [T ety 1+v |+
(N+Din|1-M, 1+3VM11++sv[ —} <In : [ ]
I—UMU MFRZ 1—v

We now use In(1 — x) < —x and N <N + 1 to get the final result: with such A f(xN) —
f(x*) <eif

Note that if v = 0 we have

M (MZR?
N g — 11’1 >
ep

which is optimal up to a logarithmic factor [21].

4. Application to problems with linear constraints

In this section, we consider a minimization problem with linear equality. The idea is to
construct the dual problem and solve it by our UAGMsDR method endowed with a step in
the primal space. Following [9,10], we show that this modification solves simultaneously
both primal and dual problems and allows to obtain convergence rate.

Specifically, we consider the following minimization problem

(P1) [f(x) : Ax = b},

min
x€QCE

where E is a finite-dimensional real vector space, Q is a simple closed convex set, A is given
linear operator from E to some finite-dimensional real vector space H, b € H is given. The
Lagrange dual problem to Problem (Py) is

(D) max {—(A, b) + min (f(x) + (ATA,x)>} .
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Here we denote A = H*. It is convenient to rewrite Problem (D) in the equivalent form
of a minimization problem

. T
(P2)  min { (0 b) + max (= () — (473,2)) } .
We denote
0() = (1,) + max (/) — (4"4). (49)

Since f is convex, ¢ (1) is a convex function and, by Danskin’s theorem, its subgradient is
equal to (see e.g. [26])

Vo(r) = b— Ax(h), (50)
where x(A) is some solution of the convex problem
_ _ T

max (~f(0) — (473,2)). (51)

In what follows, we make the following assumptions about the dual problem (D;)

e Subgradient of the objective function ¢ (1) satisfies Holder condition (29) with constant
M,.
e The dual problem (D) has a solution 1* and there exist some R > 0 such that

[A%]l2 < R < +o0. (52)

It is worth noting that the quantity R will be used only in the convergence analysis, but
not in the algorithm itself. As it was pointed in [31], the first assumption is reasonable.
Namely, if the set Q is bounded, then Vg (1) is bounded and (3) holds with v = 0. If f (x)
is uniformly convex, i.e. for all x,y € Q, (Vf(x) — Vf(y)) = wnllx — y||?, for some p > 0,

2 1
0 = 2, then Vg()) satisfies (3) with v = %1, M, = (HA”%)PTR Here the norm of an
operator A : E; — E; is defined as follows

lAllg,—~E, = max {(w, Ax) : [[x||lg, = 1, [lullg,« = 1}
x€E1,ucE;

We choose Euclidean proximal setup, which means that we introduce Euclidean norm
Il - |l in the space of vectors A and choose the prox-function d(1) = %||A||§. Then, we

have V[¢](A) = %Ilk - ||%. Our primal-dual algorithm for Problem (P;) is listed below
as Algorithm 7.

Theorem 4.1: Let the objective ¢ in the problem (P;) have Holder-continuous subgradi-
ent and the solution of this problem be bounded, i.e. |A*||2 < R. Then, for the sequence
RRH1 k1 k > 0, generated by Algorithm 7,

2R € 2R> ¢
ARF b, < =+ —, k < — 4, 53
1A% = bl < 2 520 e +fEI1 < T 45 (53)
where
1-v 143y 1—v
14+ v ] kT gl+y
A 2 [1 ] o
-V 2T M



OPTIMIZATION METHODS & SOFTWARE . 33

Algorithm 7 PDUGDsDR
Input: starting point Ag = 0, accuracy &¢, &¢q > 0.
1: Setk=0,A0 =09 =0, =%y = Ao =0.
2: repeat
3 Br=argming ;¢ (£5+ BMF — ¢0)s Ak =K+ Br(n* — ¢F)
4 hgp = argmin@0 © (kk - hV(p(kk)); nk‘H =k — hk+1V<p(kk) // Choose V(p(kk) :
(Vo) ek =18 >0
2
5. Choose a1 from o(n**) = o (k) — L VoOR) 3 + T35 1/ Agyr = Ak + ap

o M =k g, Ve lk
7: Set

k k ~k
R 1 . a1 x(A°) + Arx
e E air1x(\) = Set1 A TR ( k) K
Aft1

8: Setk=k+1.
9. until [fGFT1) + ()| < &, AR — bl < Eeq.

Output: The points X<+1, pk+1,

Proof: The proof mostly follows the steps of our previous work [6], but we give the proof
for the reader’s convenience. The main difference is that here we use universal method.
From Theorem 2.1, since ¢y = 0, we have, for all k > 0,

k—1

1 A
Arp(n®) < mm{Za,H @) + (Vo) 2 — X>)+5||>»||%}+7"8. (54)
i=0

Let us introduce a set Ag = {A : [|A||2 < 2R} where R s given in (52). Then, from (54), we
obtain

k—1
. . . 1 Age
A (") < min { aip1 (9 + (Vo), A — A)) + E”M%} +—

= i i i 1 2 Age
< min ait1 (fﬂ()»)-F(V(P()» ),)»—)»))+5||)~||2 +T

AEAR
i=0
k—1
. i i i 2, Ak
< min aip1 () + (Vo) 2 — 1)) t +2R + (55)
EAR | 7
i=0

On the other hand, from the definition (49) of ¢ (1), we have
$(.) = (A, b) + max ( —f(x) — ATA",x>) = (M, b) — f(x(1)) — (ATA, x(1)).
Combining this equality with (50), we obtain

e — (Vo) A1) = (A, b) — f(x(0)) — (ATAT, x(AF))
— (b — Ax(M), ATy = —f(x(A)).



34 Y. NESTEROV ET AL.

Summing these equalities from i = 0 to i = k—1 with the weights {a; ] }i=0, k-1, We get,
using the convexity of f

k—1 k—1 k—1
D ain (9O + (Vo)A = 4) = =) " aif () + ) aipr (b — Ax(), )
i=0 i=0 i=0

< —AKf(RF) + A (b — ARF, ).
Substituting this inequality to (55), we obtain

A . N Ake
Akp(F) < —Af 5 + A min {(b - Axk,k)} +2R* + %
R

Finally, since max; ¢z, {(—b + AXK, 1)} = 2R||AX* — b]|,, we obtain

P ok k 2R ¢
(") + f(&*) + 2R||AX" — b2 < A + 2 (56)

Since 1* is an optimal solution of Problem (D), we have, for any x € Q
Opt[Py] < f(x) + (A%, Ax — b).
Using assumption (52), we get
f&) > Opt[P1] — RIAZF — b)), (57)
Hence,
e(") +fEY) = o) — Opt[P,] + Opt[P,] + Opt[P1] — Opt[P1] + f()
= ¢(n") — Opt[P2] — Opt[D1] + Opt[P1] — Opt[P] + f(3*)

oy D ok
= —Opt[P1] +f(x") = —R|AX" — bll>. (58)
This and (56) give
2R? ¢
RIARK — b, < = + 2. 59
|Ax 2 < AL + 3 (59)
Hence, we obtain
. (58,59 2RZ ¢
eH +fEH > ===, (60)
Ay 2
On the other hand, we have
. 50 2R* ¢
oM +1GH < =+ 2. (61)
A 2
Combining (59), (60), (61), we conclude
2R e
AX —p, <24 =
” X “2 X Ak + 2R
R 2R ¢
o) + G < =+ = (62)
Ag 2
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Figure 1. Convergence for the smooth problem.

1—v 1+3Vv 1-v

From Theorem 3.1, forany k > 0, Ay > [}J_r—z] JeRT ](1++3u—+2 Combining this and (53), we
2T MY

obtain the statement of the Theorem. |

Let us make a remark on complexity. As it can be seen from Theorem 4.1, whenever
Ak > 2R?/e, the error in the objective value and equality constraints is smaller than e. A
the same time, using the lower bound for Ag, we obtain that the number of iterations to

achieve this accuracy is o((M & ) 1+3u)
eT+v

5. Numerical experiments
5.1. Smooth convex problem

We tested the AGMsDR method on the problem of minimizing
I n—1
Fo =203 + 3 =) + ) —
i=1

where L = 10 and the diminsionality # = 1000. This is the function used to derive the
lower complexity bound for the class of L-smooth convex objectives in [24]. The results
are presented below. The method was compared to the Linear Coupling method [1] and
the Conjugate Gradients and BFGS methods implemented in the SciPy python package.

For all four methods the initial point was the origin. The results are presented below.

Utilizing line-search slightly improves the convergence rate in terms of required iter-
ations compared to the accelerated method with fixed step sizes, and also speeds up
convergence in terms of time spent, although to a lesser extent (Figure 1) .

5.2. Non-smooth convex problem

We compared three different universal methods - UAGMsDR from this paper, Universal
Linear Coupling Method from [14] and Universal Fast Gradient Method from [29] - on
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Figure 2. Convergence for the non-smooth problem.

the MAXQ problem [15]:

2 2
fx) = max x; = x50

<ign

with the initial point

0 i, fori=1,...,n/2
X, =
—i, fori=n/2+1,...,n

1

and n = 100. For all methods the accuracy & was set to 5 - 10~* (Figure 2).

Even though all three methods have identical (up to a small constant multiplicative fac-
tor) theoretical convergence rates, for this problem the UAGMsDR method demonstrated
practically linear convergence rate. It seems that using two line-searches in orthogonal
directions helps the method use the fact that the graph of the function is, in a sense, similar
to a quadratic function.
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